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The Essential Concepts of Differential Calculus

Machine Learning Relies on Differential Calculus for its Core Operations

Machine learning is an interdisciplinary field and you need to understand
core concepts of mathematics and computer science to properly implement
it. We rely on calculus to identify optimal solutions quickly and efficiently
within a machine learning environment.

This blog post will be a brief review of calculus, concentrating on differential
calculus. We assume that the reader has seen this material before, and is
also familiar with the material reviewed in Stratus Innovation Group’s
discussion of linear algebra.

We will omit proofs of the statements we present in this review and leave it
to the readers to use their favorite search engine (or their undergraduate
calculus textbook if they still have it) to find any proofs they might be
interested in seeing.

Let f be a function defined on an interval that contains some point a (note
that f may or may not be defined at a). We say that the number L is the
limit of f as x approaches a, written as:

lim f(x) =1L
x—-a
If for every real number €>0, there is a real number >0 such that
|f(x) — L] < e whenever |x —a| < §. Intuitively, this means that the value of

f(x) gets arbitrarily close to L as x gets close to a.

The function f is continuous at a if f is defined at the point a, and
lim f(x) = f(a). If fis continuous at every point in its domain, we say that fis
xX—a

a continuous function.

Limits have the following properties:
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e For ceR, limcf(x) = clim f(x)
xX—a xXx—a
e If lim f(x) and lim g(x) both exist, then:
X—a xX—a
o lim(f(x)+ g(x)) =lim f(x) + lim g(x)
xX—a x—a x—a
o lim(f(x)g(x)) =lim f(x) lim g(x)
xX—a x—a xX—a
,
o If also lim g(x) # 0, then lim L& = 2
xX—a

x—ag()  limg(x)

Let f be a function as before, the function " defined as:

fx+h) - fx)
h

f(x) = lim

This function is the derivative of f and is also sometimes written as £, or

dx’
%f, orif y = f(x), as %, depending on which form is most convenient in
context. The function fis differentiable at a if f(a) exists. If fis differentiable
at every point in its domain, then fis a differentiable function.

You can view the function f as a curve in 2-dimensional space. The value of
the derivative of a function at some point a is the slope of that curve at the
point (a, f(a)). If f'(a)=0, then a is said to be a critical point of f. The
maximal and minimal values of f will occur at critical points.
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Derivatives have the following properties:

e For ceR, %c =0

e For ceR, %cf(x) = céf(x)

¢ S(f@+9(0) =1 f@+1-g()

. %(f(X)g(X)) = g(x)%f(x) +f(x)%g(x) (product rule)
dfG0) _ 9GS O-F)ZI()
c;xg(x) N g(x)z )
o —(fog(x)=—f(g(x)--g(x) (chain rule)

n-—1

(quotient rule)

d
e For neZz, ax" =nx

We can extend this concept to functions of several variables, as follows.
Let f be a function, f:R"™ - R, so for x = (x, x5, ..., x,)eR"™, f(X) = f(X1, X2,..., Xn).
The partial derivative of fin the direction x; is the function:

of o fxq, v, xi Fhy o, x0) = FOX1 ey Xy ooy X))
— = lim
axi h—-0 h

In the above quotient, all variables except x; are held constant. We say fis
differentiable at a given point if all its partial derivatives exist at that point.
If f is differentiable at every point in its domain, then we say that fis a
differentiable function. Since partial derivatives are derivatives where all
variables but one are held constant, the properties listed above for
derivatives also apply to partial derivatives.

We can compute multiple partial derivatives of a function, in which case:

= ()-2(Z)

. . 62 62
We write this as ——_ or -2,
axiaxj ax]'axi

A differentiable function may or may not be continuous, and a continuous
function may or may not be differentiable. A function that is both continuous
and differentiable, and whose (partial) derivative(s) are also continuous
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belongs to the class of functions called C?, and is sometimes called a C!-
function.

Suppose fis a differentiable function, f: R" - R, the gradient of fis given by:

of of of
VI(xq, Xg) ey Xp) = <6x1'6x2' o )
Note that the gradient is a vector in R” and is only defined if fis a real-
valued function. Then for xeR", the vector Vf(x) points in the direction that f
will increase the most as we move away from x in R”, and its magnitude is
the slope of fin that direction. If we have Vf(x) = 0, then there is no single
direction of increase, in which case x is a singular point of f. Maximal and
minimal values of f occur at singular points, so one way to find these points
is to solve Vf(x) = 0 for x and then test the solutions to see if they have the
desired property.

Gradients have many properties that are analogous to properties of
derivatives:

e ForceR"™ Vc-x=c

o For ceR, Vcf(x) = cVf(x)

e For a symmetric matrix AeR™ ", V(x - Ax) = 2Ax. In particular, if A is the identity

matrix, then Ax = x and therefore V(x-x) = 2x
e T +9X) =V (x)+VgXx)
e T(f(X9gX) = gXVfX) + fx)Vg(x) (product rule for gradients)

F( _ gV ER-F (T , ,
Vg(x) PE (quotient rule for gradients)
e If gis a real-valued function of a single variable, we also have a

variant of the chain rule: V(g(f (x)) = ¢'(fx))Vf(x)

All of these are a direct consequence of the definition of partial derivatives,
and we leave it to the reader to verify these properties.

We can use these properties, along with some linear algebra, to compute the
gradient of the error function in one of our earlier blog posts. In that article,
we omitted this computation for the sake of brevity. In that post we had:
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Ey =§(Xw—y) “(Xw—y)

Where X was the matrix of the x, values of our data set, and y was the
vector of the corresponding y, values of our data set. Then:

VE, = v(%(Xw—y) : (Xw—y)>

= %V((Xw —y) (Xw—y))
:%V(W-XTXw—Zy-XW-i-Y'y)

= %(V(w - XTXw) —V(2y - Xw) + V(y - y))
= %(ZXTXW —2XTy)

=XTXw—XTy

The function f can be viewed as an (n-1)-dimensional surface in R”, and the
gradient is a generalization of the concept of the first derivative to multi-
dimensional surfaces.

We can compute the gradient of each component of V'f, and collecting the
resulting vectors as the row (or column) vectors of a matrix in R"*", This
matrix is called the Hessian of f, and is defined as:

0*f o°f i
axlz axlaxz axlaxn
o*f 0 0%f
V2f (X1, X2, s Xn) = | 9x,0x, x> 7 0x,0xy,
aZf aZf aZf
0x,0x, 0x,0x, x>
o2f 9%

The Hessian is a symmetric matrix, since —— = .
axiax]' ax]'axi

This material should be sufficient to follow most discussions in the Machine
Learning blog; additional concepts from calculus will be introduced in the
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blog as needed.

Stratus Innovations Group: Experts in Machine Learning and Cloud Computing

While many of our clients will struggle with differential calculus, our team of
machine learning and cloud computing experts have a strong foundation in
mathematics, computer science, and its practical applications. If you'd like to
learn how machine learning, the internet of things, and cloud computing
could revolutionize your business operations, contact Stratus Innovations
Group today.



	Machine Learning Relies on Differential Calculus for its Core Operations
	Stratus Innovations Group: Experts in Machine Learning and Cloud Computing

